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Abstract 
This paper presents some experimental results demonstrating the geometry dependence of fatigue crack growth (FCG) curves for 
the steel EA4T (25CrMo4). The experimental results exhibit considerable differences in FCG rates measured on M(T) and C(T) 
standard specimens, as well as specimens with surface cracks. To explore the possibility of an analytical description of these 
effects, a numerical analysis is applied to simulate crack growth behaviour for the M(T) and C(T) geometries with special 
emphasis put on modelling plasticity induced crack closure. The analysis results provide an adequate qualitative description of
the crack propagation in different specimens and suggest an explanation for the difference in respective FCG data. On the other
hand, a re-evaluation of the experimental results is undertaken to explore a correlation between crack growth rates and the 
amount of crack tip yielding, with the latter being quantified in terms of the plasticity parameter /U of the failure assessment 
diagram. Such an analysis demonstrates that, even though small scale yielding conditions prevail at the crack tip, the FCG curves 
for individual specimens depend upon and can be arranged according to the plasticity level. Thus, the results suggest that 
engineering calculations of fatigue crack propagation can be facilitated by incorporating the /U factor as an additional influencing 
parameter to take into account the geometry and load effects on FCG rates. 
.H\ZRUGV: Fatigue crack growth; surface cracks; crack tip constraint; ligament yielding 
1. Introduction 
Fatigue crack growth (FCG) curves measured on standard specimens are often regarded as material specific data. 
Consequently, engineering analyses of fatigue crack propagation are usually performed using empirically 
established correlations between the FCG rate,GD /G1, and the stress intensity factor range, '., as originally 
suggested by Paris and Erdogan [1]. The validity of such an approach is basically restricted to small scaled yielding 
conditions at the crack tip that implies the similitude of the crack tip fields [2], even though some investigations 
demonstrate the applicability of GD/G1-'. curves at high load levels corresponding to extensive plastic 
deformations at the crack tip [3, 4]. Note, however, that the evaluation of test results in [3, 4] is carried out using an 
empirically estimated elastic-plastic --integral as the crack driving force parameter. 
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On the other hand, fatigue crack propagation in metallic materials arises from plastic deformations at the crack 
tip, so that FCG rates are expected to correlate with the extent of material yielding. Since the latter depends on the 
local state of stress and specifically on the stress triaxiality at the crack tip [5], fatigue crack growth behaviour can 
depend on the specimen geometry and loading. Indeed, a number of experimental investigations demonstrate this 
feature [6-9]. In particular, two standard geometries – compact tension C(T) and middle tension M(T) specimens – 
are shown to produce distinctly different FCG curves, whereas the M(T) data usually reveal higher FCG rates at the 
same '. values [6, 8, 9]. On the contrary, experimental data in [7] demonstrate the opposite trend with a faster 
crack growth noted for C(T) specimens. As the C(T) and M(T) geometries are known to represent standard 
specimens with the utmost and the lowest stress triaxiality, respectively [10], attempts have been made to include an 
appropriate constraint parameter, such as the T-stress, in the description of FCG behaviour. In particular, Hutar et al. 
[8] suggested to modify the crack driving force in the Paris-Erdogan equation by including an empirical correction 
term, O(7/V0), being a function of the ratio of the 7-stress to the material yield strength. In various numerical studies, 
e.g. [11-13], the impact of crack tip constraint on the crack growth behaviour is quantified in terms of the plasticity 
induced crack closure. 
This paper summarizes experimental results on FCG rates in different specimens made of steel 25CrMo4 
(material EA4T) used in the manufacturing of railway axles. Additionally to basic data derived on M(T) specimens 
within the framework of the research project “Safe and economic operation of railway axles” [14], the extended 
database presented here includes results for C(T) specimens, as well as round bars and a rectangular plate containing 
semi-elliptical surface cracks. In attempt to explain differences in FCG rates, a numerical analysis is applied to 
simulate crack propagation in the M(T) and C(T) geometries with a particular emphasis put on modelling plasticity 
induced crack closure. On the other hand, an alternative evaluation of the experimental results is undertaken to 
explore a correlation between crack growth rates and the measure of crack tip yielding expressed in terms of the 
plasticity parameter /U of the failure assessment diagram (FAD). The results suggest that engineering calculations of 
fatigue crack propagation can be facilitated by incorporating the /U factor as an additional influencing parameter to 
take into account the geometry and load effects on FCG rates. 
Nomenclature 
D crack depth for semi-elliptical cracks; characteristic crack size for standard specimens 
F half crack length; characteristic value of crack length for round bars 
C(T) compact tension specimen 
GD/G1 fatigue crack growth rate 
FAD failure assessment diagram 
FCG fatigue crack growth 
. stress intensity factor (mode I) 
/U plasticity parameter of FAD 
M(T) middle tension specimen 
U radius of a round bar 
5 stress intensity ratio, .min/.max
W plate thickness; thickness of M(T) or C(T) specimen 
: width of C(T) specimen, half-width of M(T) specimen 
'. stress intensity factor range 
'.WK threshold stress intensity factor rang 
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2. Fatigue Crack Growth Data 
 5HIHUHQFHFXUYHV
The material considered in this study is the steel 25CrMo4 (EA4T) with the following mechanical properties: 
yield strength 5S0.2 = 552 MPa, ultimate strength 5P = 689 MPa, elongation at fracture $5 = 20.6%, contraction at 
fracture = = 70.4%, the Charpy energy &9 = 132.1 J. The above data refer to the room temperature (RT) and 
represent average values derived from three test specimens. 
Reference fatigue crack growth curves for the EA4T steel have experimentally been obtained in [14] at RT using 
M(T) specimens with the cross-section of 2:×W = 24×10 mm². Figure 1 shows the FCG data for two stress ratios 
5 = -1 and 5 = 0.1. Table 1 lists the threshold stress intensity factor ranges '.WK, as well as the constants & and P of 
the Paris-Erdogan equation [1] 
P.&
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Fig. 1. Reference FCG data for the EA4T material: M(T) specimens, 5 = -1 and 5 = 0.1 
Table 1. Threshold stress intensity factor range and parameters of the Paris-Erdogan equation for the EA4T steel, M(T) specimens (units MPa¥m
for '., mm/cycle for GD/G1)
Parameters of Eq. (1) 
Stress ratio, 5 '.WK, MPa¥m
& P
-1 13 2.74×10-10 3.2 
0.1 7.5 2.65×10-9 3.2 
 )&*GDWDIRUYDULRXVVSHFLPHQV
Additional experimental investigations were performed in [9] to involve various specimen types with different 
crack tip constraints. Supplementary to the M(T) geometry, seven C(T) 25 standard specimens were tested at 
5 = 0.1. Furthermore, three specimens containing semi-elliptical surface cracks – two round bars with the radius 
U = 50 mm (designated as BP1 and BP2) and a rectangular plate with the thickness W = 30 mm and the width 
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2: = 140 mm (designated as BP3) – were included in that study. The surface cracked specimens were subjected to 
plane bending with the stress ratio 5 = 0.1.
Figure 2 shows fracture surfaces of the round bar BP2 and the rectangular plate BP3. The crack size and shape 
were successively monitored by producing beach marks. Apparently, the crack shape is adequately described by 
semi-elliptical models, Fig. 2, with D and 2F referred to as the crack depth and length, respectively. For the round 
bar, the parameter 2F represents a fictitious crack length measured between the intersection points of the 
extrapolated elliptic contour with the horizontal axis \, Fig. 2a. Upon the crack size measurements, the evaluation of 
test results for the C(T), round bar and rectangular specimens was performed using stress intensity factor solutions 
according to [15], [16] and [17], respectively. 
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Fig. 2. Fracture surfaces with beach marks and appropriate crack models: a) round bar BP2; b) rectangular plate BP3 
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Fig. 3. FCG rates for different specimens: EA4T material, 5 = 0.1 
Fatigue crack growth data for the M(T), C(T) and surface cracked specimens at 5 = 0.1 are summarized in Fig. 3. 
To better distinguish between the M(T) and the other specimen types, the M(T) data are smooth curve fitted. The 
fitting curve is then extrapolated beyond the upper range of GD/G1-'. data for M(T) specimens corresponding to 
approximately '. = 18 MPa¥m or GD/G1 = 3.3×10-5 mm/cycle. As a rule, FCG rates measured on M(T) specimens 
represent an upper bound to all other specimen geometries. Some exceptions observed for the initial stage of crack 
propagation in the rectangular plate and round bars can be attributed to load history effects at precracking, as well as 
to errors in measuring the crack geometry immediately after precracking. 
Within the range of '. = 12 to 20 MPa¥m, FCG rates for C(T) specimens are on average about twice lower than 
for M(T) specimens, which finding is in a good agreement with the experimental results of [6, 8]. The data for 
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surface cracked specimens are mostly allocated between the reference M(T) curve and the lower bound for C(T) 
specimens. At crack growth rates below some 3×10-6 mm/cycle, the round bar data follow the C(T) curve exhibiting 
a slightly higher '.WK value, as compared to that measured in M(T) tests [14]. 
3. Numerical Modelling of Crack Closure 
The numerical study reported in this section is focused on the difference in the crack growth behaviour for M(T) 
and C(T) specimens. The FCG rate assumed in the analysis is 3.3×10-5 mm/cycle corresponding to the Paris range of 
the FCG curves in Fig. 3. The corresponding stress intensity factor ranges are '. = 18 MPa¥m and 21.6 MPa¥m for 
the M(T) and C(T) specimens, respectively. 
The finite-element (FE) models employed in the calculations are shown in Fig. 4. These represent a half of the 
M(T) and the whole C(T) specimen geometries. The same topology of the crack tip region is used in both models 
(Fig. 4c). The initial crack tip has a radius of 3 μm; the crack propagation is assumed in the symmetry plane with the 
total crack extension achieved in the analyses to be equal to 0.2 mm. The corresponding fine mesh region consists of 
100 equally spaced elements with the element length of 2 μm. The crack extension is simulated by a consecutive 
release of nodes in the ligament that belong to the upper and lower halves of the model and are initially connected 
via multi-point constraints. To achieve the crack growth rate of 3.3×10-5 mm/cycle, the node release at the current 
crack tip is performed after applying 60 load cycles. In all cases, the contact interaction between the opposite crack 
faces is taken into account. Furthermore, the plane strain condition is assumed. 
The numerical calculations were carried out using the ABAQUS FE code [18]. The combined kinematic and 
isotropic cyclic strain hardening model implemented in [18] was employed with the model parameters selected to fit 
a cyclic stress versus strain curve available for the material considered. 
In contrast to some other investigations, see e.g. [12], no benefit of using the boundary layer formulation was 
accomplished in this study. As demonstrated in [13], a boundary layer analysis may lead to inaccurate results for 
specimens subjected to cyclic loading. Possible reasons are the effect of higher order non-singular elastic terms on 
the plastic deformation at the crack tip, cyclic strain hardening, as well as the crack surface contact. Especially the 
latter is regarded as a critical aspect leading to the violation of small scale yielding assumptions. 
(a) (b) (c)
Figure 4. Finite-element models: a) M(T) specimen, half-model; b) C(T) specimen; c) details of the crack tip region 
For a particular crack length, Fig. 5a and Fig. 5b present crack opening profiles in the M(T) and C(T) specimens 
at various fractions of the maximum load in the cycle. Accordingly, both cracks remain closed for almost 50% of the 
load cycle. With increasing loading, e.g. at 65% of the maximum value, the crack in the M(T) specimen becomes 
completely open, while the crack in the C(T) specimen is still partially closed: namely, some portion of the crack 
faces in the crack tip vicinity, yet excluding the crack tip itself, remains in contact, thus reducing the effective crack 
driving force. 
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For the both specimen geometries Fig. 5c compares the crack tip opening displacement (CTOD) defined as the 
relative displacement of two nodes that belong to the opposite crack faces and are located next to the crack tip. Even 
though the correctness of such a definition is questioned by the appearance of partial crack closure, especially for 
the C(T) specimen (Fig. 5b), the results in Fig. 5c allow for an approximate evaluation of the effective stress 
intensity factor range. The latter is usually defined as  
HII ..  ' max ,          (2) 
with .max and .RS being the linear-elastic stress intensity factors at maximum loading and at the onset of crack 
opening, respectively. Based on the curves in Fig. 5c, the crack tip opening for the M(T) and C(T) specimens is 
achieved at some 55% and 62% of the maximum load, or at .RS = 11 and 14.9 MPa¥m, respectively. This results in 
'.HII = 9 MPa¥m for the M(T) specimen and '.HII = 9.1 MPa¥m for the C(T) specimen, thus suggesting nearly 
equal crack growth rates for both crack geometries. In contrast, an alternative evaluation of the numerical results 
based on the contact stress method [11] yields '.HII = 9.2 and 9.8 MPa¥m for the M(T) and C(T) specimens, 
respectively [13]. 
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Figure 5. Crack opening profiles for M(T) (a) and C(T) (b) specimens; c) CTOD versus the fraction of maximum load in a cycle 
Note that both the CTOD and contact stress based methods are subject to inaccuracies associated with either 
uncertainties in identifying the onset of crack opening or numerical errors in extracting the contact stresses along the 
crack faces. Nonetheless, both approaches yield consistent estimates of the effective stress intensity factor range, on 
the one hand, and provide a rational qualitative and quantitative explanation of the discrepancy between FCG rates 
for the M(T) and C(T) specimens (Fig. 3), on the other hand. 
4. Correlation of FCG Rates with Ligament Yielding 
The above experimental and numerical results indicate that the stress triaxiality (constraint) at the crack tip is an 
important issue influencing FCG behaviour. In accordance with this conclusion, Hutar et al. [8] suggested the 7-
stress, representing a measure of the in-plane crack tip constraint, to be included in the definition of an effective 
stress intensity factor range. However, being projected onto experimental results of this study, the approach [8] does 
not explain the fact that FCG curves for the round bars are closely allocated around the lower bound for the C(T) 
data, although the 7-stress values for the respective specimens are considerably different [9]. 
On the other hand, a difference in the stress triaxiality level implies a variation of the size and shape of the crack 
tip plastic zone [5], so that the analysis of constraint effects is basically consistent with the consideration of material 
yielding in cracked specimens or components. The measure of ligament yielding can be expressed in terms of the 
plasticity parameter /U of the failure assessment diagram, see e.g. [19], representing a normalized reciprocal for the 
plastic limit load 3/
1834 I. Varfolomeev et al. / Procedia Engineering 2 (2010) 1829–1837
,9DUIRORPHHYHWDO3URFHGLD(QJLQHHULQJ±
0V
V UHI
 
/
U 3
3
/              (3) 
with 3 being the applied load, VUHI and V0 the reference stress and the flaw stress, respectively. Note that the crack 
closure function in [20] involves an empirical term dependent upon the ratio of maximum net stress to the flow 
stress, Vmax/V0, which is similar to Eq. (3). Accordingly, the equation developed in [20] predicts accelerated crack 
propagation at increasing ligament yielding. 
In what follows the experimental results given in Fig. 3 are re-evaluated in attempt to explore a possible 
correlation between FCG rates and the FAD parameter /U. The values of 3/ or /U for different specimens are 
estimated using the equations provided in [21-24]. 
x M(T) specimen, plane strain assumption [21]: 
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x Rectangular bend plate [23]: 
 
42.0
0
1
3
2
»
¼
º
«
¬
ª

 
FWW
DF
/ EU V
V          (6) 
x Round bar under bending stress [24]: 
13 
»
»
¼
º
¸
¹
·0
5.2
0
5.1
0
0 2
855.2
2
8491.5
2
9927.30002.1
16
3
«
«
¬
ª
¨
©
§¸
¹
·¨
©
§¸
¹
·¨
©
§ 
U
D
U
D
U
D
/ EU V
VS     (7) 
The parameter D0 in Eq. (7) represents the depth of a substitute straight-front crack with the area equal to the area 
of the original semi-elliptical crack. Further symbols in Eqs (4)-(7) are as follows: : is the half-width or width for 
M(T) or C(T) specimens, respectively; VE is the magnitude of the bending stress. 
Equation (6) corresponds with a local limit load representative of ligament yielding at the deepest point of a 
semi-elliptical crack (crack growth in the depth direction). In contrast, Eq. (7) gives global limit load estimates for a 
rectangular bar. In case of M(T) and C(T) specimens with through-thickness cracks, Eqs (4) and (5) can be regarded 
as both local and global solutions. 
The plot of the FAD parameter /U estimated at maximum loading in a cycle versus the stress intensity factor 
range is given in Fig. 6. Four specimen types considered in this study are included in Fig. 6; individual points 
correspond with those plotted in the fatigue crack growth diagram, Fig. 3. Several common features can be 
concluded when comparing the /U'. and GD/G1-'. diagrams: 
x In both plots, M(T) and C(T) specimens yield overall upper and lower bounds, respectively; some exceptions 
mentioned for the round bars in the near-threshold regime are likely due to inaccuracies of measuring the crack 
size and shape immediately after precracking. 
x A considerable data scatter for the C(T) specimens is reproduced in both Fig. 3 and Fig. 6. 
x Data for individual specimens are allocated according to the level of the net section stress. A notable scatter is 
found only for those C(T) specimens which were tested under decreasing load in the near-threshold regime. 
x The relative position of the data points for two types of the surface cracked specimens with respect to each other, 
as well as to the M(T) and C(T) curves is consistent in both diagrams. 
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The interpretation of the experimental results suggested in Fig. 6 confirms that the crack tip and/or ligament 
plasticity affects fatigue crack growth rates, even though the small scale yielding conditions prevail at the crack tip. 
Hence, the transferability of test results from standard specimens to components can be facilitated by taking into 
account plasticity effects. Note, however, that such an assessment requires a consistent definition of the plasticity 
parameter. For instance, as discussed above, Eq. (6) is valid for /U estimates at the deepest point of a semi-elliptical 
crack. Being applied to the surface point (specimen BP3, length direction), Eq. (6) seems to produce improper 
results demonstrating a different trendin comparison to all other data. 
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Fig. 6. Relation between the stress intensity factor range and the FAD parameter /U
5. Conclusions 
Experimental results on fatigue crack propagation presented in the paper demonstrate the dependence of FCG 
curves upon the specimen geometry. Among specimen types considered in this study, M(T) and C(T) specimens 
yield the upper and lower bounds of FCG rates, respectively. This difference can reasonably be explained by means 
of a numerical simulation of fatigue crack growth, taking into consideration the plasticity induced crack closure. 
However, such an approach is rather problematical in case of the assessment of cracked components.  
An alternative evaluation of the experimental results revealed a correlation between crack growth rates and the 
measure of ligament yielding expressed in terms of the plasticity parameter /U of the failure assessment diagram. 
The results suggest that engineering calculations of fatigue crack propagation can be facilitated by incorporating the 
/U factor as an additional influencing parameter to take into account the geometry and load effects on FCG rates. 
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